modules with finite uniform dimension, injective hulls of finitely generated modules, or any CS-module with a finitely generated essential submodule.
Throughout this paper, all rings considered are associative with identity and all modules are unitary right modules. We now state the main result of this paper. THEOREM 
Let M be a finitely generated module such that for every nonzero submodule A of M, M/A and all cyclic submodules of MIA are direct sums of a CEC-module and a module with finite uniform dimension. Then M satisfies ACC on direct summands.
To prove this theorem, we will adapt the techniques developed by Osofsky and Smith in [17] . First, we prove a lemma, which is of independent interest. LEMMA 
Let N be a CEF-module with the infinitely generated essential socle S such that every finitely generated submodule of S is a direct summand of N, and every cyclic submodule of N is a direct sum of a CEF-module and a module with finitely generated socle. Then N/S is not a CEC-module.

1=1
There exists a cyclic submodule E of N such that (E + S)/S = E'. Since E' is essential in A', C'i=E' f\Dl is nonzero for each i. Let C, be the inverse image of C\ in D, under the canonical map. Then we have 5, <= C, c D h and clearly C, is not contained in 5. Because Q c F , we have C , c £ + 5 = £ 0 T for some submodule T of S. If C,D£' = 0 for some i, then C, is isomorphic to a submodule of T, thus C, is semisimple and so C, is contained in 5, a contradiction. Therefore we have that for each i C, D E =£0. But C, is an essential extension of 5,, so it follows that 5, fl £ =£ 0 for each i. Then we can take a nonzero simple submodule Vj in 5, n E for each i.
Since E is cyclic, by assumption, E = F® K, where F is a CEF-module and K has finitely generated socle. It is easy to see that K is finitely generated semisimple. Let V = 0 V,; and U = F D V. Then V = U © X, where X is isomorphic to a submodule of K; i=i hence X is finitely generated. Thus U is infinitely generated. Since F is a CEF-module, and Uis semisimple, U has a finitely generated essential extension L in F. Clearly Li^U, Proof. It is enough to show that 5 = Soc(M) is finitely generated. Suppose that 5 is infinitely generated; then we can write 5 = 0 5,, where each 5, is infinitely generated.
Since M is a CEF-module, each 5, has a maximal essential extension D, which contains a finitely generated essential submodule B h Then clearly £>,#5,, and 0 ((£>, + 5)/5) is an infinite direct sum in M/S, a contradiction.
We are now in a position to prove Theorem 1. summand of P. It follows that every finitely generated submodule of S, being a direct summand of some S n , must be a direct summand of P. By hypothesis, P = P t © D , where P, is a CEC-module and D has finite uniform dimension. Let S' = P i C\S; then S = S'@T for some submodule 7 of 5. Since T is isomorphic to a submodule of D, T is finitely generated. Thus S' is infinitely generated. Since P x is a CEC-module, it is easy to see that 5' has a cyclic essential extension L in P,. Again by hypothesis, L = N ®F such that N is a CEC module and F has finite uniform dimension. Let Q = NHS'; then Q is essential in N. Repeating the above argument, we can show that Q is infinitely generated. It is also clear that every finitely generated submodule of Q is a direct summand of N.
Proof of Theorem
Now we have N/Q = H © G, where H is a CEC-module and G has finite uniform dimension. We see that N satisfies the conditions of Lemma 2, thus N/Q cannot be a CEC-module, so G must be nonzero. Since G is cyclic, there is a cyclic submodule N, of
then Q^S o c M ) and NJQ^ = G, so NJQ X has finite uniform dimension. By hypothesis, N t = N 2 ®Y such that N 2 is a CEC-module and Y has finite uniform dimension. Then NjQ t = N 2 /Soc(N 2 ) © y/Soc(y). and it follows that N 2 /Soc(N 2 ) has finite uniform dimension. By Lemma 3, Soc(A^) is finitely generated, hence (2i is finitely generated. Therefore <2i is a direct summand of N, and, since <2i ' s essential in N u it follows that N { = Q U so G = 0. This contradiction completes the proof of the theorem.
REMARK. We are unable to answer the following question. Let M be a cyclic module such that every cyclic subquotient of M is a direct sum of a CEC-module and a module with finitely generated socle. Does M satisfy ACC on direct summands?
For CEF-modules, the following theorem can be obtained with a proof similar to that of Theorem 1. Next we will derive some consequences of these results. The first corollary is the main result of [9] , which is turn is a generalization of [6] and [7] .
COROLLARY 5 (see [9] ). Let M be a cyclic module such that every cyclic subquotient of M is a direct sum of a CS-module and a module with finite uniform dimension. Then M is a finite direct sum of uniform modules.
Proof. By Theorem 1, M has ACC on direct summands; thus M is a finite direct sum of indecomposable submodules. Now the result follows from the fact that an indecomposable CS-module is uniform.
The next result can be regarded as a refinement of the Osofsky-Smith theorem in [17] . COROLLARY 6 . Let M be a cyclic module such that every cyclic subquotient of M is a CEC-module. Then M has ACC on direct summands. COROLLARY 
Let M be a finitely generated module such that every finitely generated subquotient of M is a CEF-module. Then M has ACC on direct summands.
The following result is immediate from Corollaries 6 and 7. COROLLARY 
Let R be a ring for which every cyclic {respectively finitely generated) right module is a CEC-module {respectively CEF-module). Then every cyclic {respectively finitely generated) right R-module satisfies ACC on direct summands.
If R is a von Neumann regular ring, then every finitely generated right ideal of R is principal. Thus, from the proof of Theorem 1, we obtain COROLLARY 
Let R be a von Neumann regular ring. Then R is semisimple Artinian if and only if every cyclic right R-module is a CEF-module.
In [14, Lemma 5], Osofsky proved that if {e,}r=i is an infinite set of orthogonal / °°i dempotents in a von Neumann regular right self-injective ring R, then R / © e : R is not an injective right R-module. From Lemma 2 we can obtain a related result. COROLLARY 
Let R be a von Neumann regular right self-injective ring. If S = Soc(/? R ) is infinitely generated, then {R/S) R is not a CEF-module.
Proof. Let E be the injective hull of 5 in R R ; then the module E R satisfies the conditions of Lemma 2. Note that every finitely generated submodule of E R is cyclic. From the proof of Lemma 2, it follows that {E/S) R is not a CEF-module. It is easy to prove that a direct summand of a CEF-module is again CEF, so we obtain that {R/S) R is not a CEF-module.
Modules with chain conditions on essential submodules have been studied extensively in recent years (see e.g. [2, 3, 8, 11, 16, 18, 19] ). Extending [8] and [11] , Camillo and Yousif [3] showed that if M is a CS-module such that A//Soc(M) has finite uniform dimension, then M is a direct sum of a semisimple module and a module with finite uniform dimension. Note that a module with finite uniform dimension has ACC on direct summands. Now we shall extend the above result of Camillo and Yousif to CS-modules M with M/Soc{M) satisfying ACC on direct summands. For our result, we need some lemmas, the first of which is elementary, so we omit the proof. (c) This is an immediate consequence of (a).
Following Smith [19] , a module M will be called almost semisimple if M has essential socle and every finitely generated semisimple submodule of M is closed in M. Lemma 11, this process must stop. Therefore M is a direct sum of an almost semisimple module N and a module F with finitely generated essential socle. Clearly N is a CS-module and N/Soc(N) has ACC on direct summands.
Next we show that N is semisimple. Let £ be a finitely generated submodule of N. Then E is essential in a direct summand H of N. Suppose that T = Soc(£) is infinitely generated. We claim that T contains an infinitely generated submodule which is closed in H. Assume that it is not so. Take an infinitely generated submodule T, of T such that T/T x is infinitely generated. Then H = C, © D u where T, is essential in C,. Clearly Soc(D,) is infinitely generated. Take an infinitely generated submodule T 2 of Soc(D,) such that (Soc(Di))/T 2 is infinitely generated. Then T 2 is essential in a direct summand C 2 of H. Continuing in this manner, we get an infinite direct sum C t (B C 2 © C 3 © . . . of H such n that C, is not semisimple and 0 C, is a direct summand of H for all n > 1. Since
/=i
H/Soc(H) has also ACC on direct summands, Lemma 12 gives us a contradiction. Thus T contains an infinitely generated submodule K which is closed in H. Then K is a direct summand of H, and hence of E, so K is finitely generated. This contradiction shows that T = Soc(£) must be finitely generated. Because N is CS and almost semisimple, T is a direct summand of N. But T is essential in E, so we get that T = E, thus £ is semisimple. Therefore N is semisimple which completes the proof. Proof. Clearly every cyclic subquotient of M/S is a CEC-module. Thus, by Corollary 6, M/S has ACC on direct summands. The result follows now by Proposition 13.
